For any open Riemann surface X admitting Green functions, Suita asked about the precise relations between the Bergman kernel and the logarithmic capacity. It was conjectured that the Gaussian curvature of the Suita metric is bounded from above by −4, and moreover the curvature is equal to −4 at some point if and only if X is conformally equivalent to the unit disc less a (possible) closed polar subset.
Introduction
The Suita conjecture [Su72] asked about the precise relations between the Bergman kernel and the logarithmic capacity. For any potential-theoretically hyperbolic Riemann surface X, it was conjectured that the Gaussian curvature of the Suita metric (induced from the logarithmic capacity) is bounded from above by −4. The relations between the Suita conjecture and the L 2 extension theorem were first observed in [Oh95] and later contributed by several mathematicians. The Suita conjecture was first proved for bounded planar domains by Błocki [Bł13] , and then for open Riemann surfaces by Guan & Zhou [GZ15] , who also proved that the Gaussian curvature of the Suita metric is equal to −4 at some point if and only if X is conformally equivalent to the unit disc less a (possible) closed set of inner capacity zero. It was clearly stated in [Zh15] that the equality part of the Suita conjecture is more difficult (than the inequality part), since an intricate selection of a special function C A (t), whose introduction becomes one of the key points in [GZ14, GZ15] , played a crucial role in the proof. Our motivation in this paper is to provide a new proof of the equality part of the Suita conjecture. Without using the special function C A (t) that appeared in the very general version the L 2 extension theorem [GZ14, GZ15, De15] , we use the plurisubharmonic variation properties of Bergman kernels developed in [MY04, Be06, Be09, BL16] , etc. In fact we do not need the Ohsawa-Takegoshi theorem to guarantee the existence of the extension, since the normalised Bergman kernel is the natural candidate. (ii) The Gaussian curvature of the Suita metric is equal to −4 at some point z 0 ∈ X.
(iii) X is conformally equivalent to the unit disc less a (possible) closed polar subset.
It is well known that (iii) implies (i) and (ii). In this paper, we provide a new proof of the fact that (ii) implies (iii). In particular, Theorem 1.1 demonstrates that if the Gaussian curvature of the Suita metric is equal to −4 at one point, then it is equal to −4 everywhere.
Preliminaries
Let us begin with the definition of the Bergman kernel on an n-dimensional complex manifold X. Let K X := ∧ n T * X denote the canonical bundle over X. Take holomorphic sections s, t ∈ H 0 (X, K X ), and define
where α n := (−1)
We put u L 2 := u, u 1/2 . Consider the Hilbert space of all holomorphic sections u ∈ H 0 (X, K X ) such that u L 2 < ∞, and take its complete orthonormal basis {ϕ 1 , ϕ 2 , ..., ϕ j , ...}. Then, for any z 0 , z 1 ∈ X, the off-diagonal Bergman kernel on X for its canonical bundle K X is defined as
The off-diagonal Bergman kernel does not depend on the choice of the basis and is in deed the reproducing kernel of the space of square integrable holomorphic top-degree forms. In particular, the off-diagonal Bergman kernel is square integrable. For any local coordinate w 0 near z 0 and any local coordinate w 1 near z 1 , the off-diagonal Bergman kernel can be written as K * (z 0 , z 1 ) = K(z 0 , z 1 )dw 0 ∧ dw 1 , where K(z 0 , z 1 ) is a locally defined function. On the other hand, let z 0 = z 1 , and then we obtain the (on diagonal) Bergman kernel K * (z 0 , z 0 ) =: K * (z 0 ), which has the following extremal property. For any z 0 ∈ X and any coordinate w near z 0 ,
where K(z 0 ) is a locally defined function. This means if we want to estimates the Bergman kernel from below, it suffices to find one L 2 holomorphic n-form with certain prescribed property. The following Ohsawa-Takegoshi theorem guarantees the existence of such top-degree forms.
Theorem 2.1 (see [OT87, Bł12, GZ12, Bł13, Oh15, BL16] ). Let X be a Stein manifold of dimension n, let ψ and ϕ+ψ be plurisubharmonic functions on X, and let w be a holomorphic function on X such that sup X (ψ + 2 log |w|) < 0 and dw is not identically zero on every irreducible component of w −1 (0) =: H. Then, for any holomorphic (n − 1)-form f on H 0 := H − H Sing satisfying
there exists a holomorphic n-form F on X such that F = dw ∧ f at any point of H 0 and 
where D r is a disk centred at 0 ∈ C with radius r. Let K(z, z 0 ) be the Bergman kernel function on V under the local coordinate z. Then,
Proof of Lemma 2.1. By the transformation rule of the Bergman kernel, we know that 
Proof of Lemma 2.3. For z 0 ∈ X, we choose a small enough simply-connected neighbourhood The following identity gives the curvature interpretation (as stated in the abstract) for the Suita conjecture.
Theorem 2.5 ([Su72]). For any potential-theoretically hyperbolic Riemann surface, it holds that
Let π : X → C ∋ τ be a holomorphic family of Riemann surfaces such that X is a complex 2-dimensional analytic space. Each the fiberwise Bergman kernel on the non-exceptional Riemann surface X τ is locally written as K τ (z)dz ∧ dz, in some coordinate z for some function K τ (z). Put K τ (z) ≡ 0 on the exceptional X τ . The following result is due to Maitani & Yamaguchi [MY04] .
In particular, this means that log K τ (z) is locally subharmonic in τ , for any fixed z. If log K τ (z) depends only on Re τ , then log K τ (z) is convex with respect to Re τ . For an open Riemann surface X admitting a non-trivial Green function G(z, z 0 ), consider the Stein manifold X := {(z, τ ) ∈ X ×C|G(z, z 0 ) < Re τ }. For each fixed τ ∈ C, the Riemann surface X τ := {z ∈ X|G(z, z 0 ) < Re τ } admits a Green function G τ (z, z 0 ) := G(z, z 0 ) − Re τ and a corresponding Suita metric for any coordinate w near z 0 locally defined by c τ (z 0 ) := exp lim z→z 0 {G τ (z, z 0 ) − log |w(z)|} . We easily know that c τ (z 0 ) = c(z 0 ) · e −Re τ , for any Re τ ≤ 0.
Corollary 2.7. Take Re τ 0 << 0 such that
Re τ 0 . Then, for any Re τ ≤ Re τ 0 , it follows that
Definition 2.8. Let X be a potential-theoretically hyperbolic Riemann surfaces, and let (V z 0 , w) be a fixed local coordinate neighbourhood centred at z 0 ∈ X. Let A z 0 be a family of analytic functions f on X satisfying the normalisation condition: f (z 0 ) = 0 and df | z 0 = dw| z 0 . Then, the analytic capacity under the local coordinate w is defined as
About a relation between the logarithmic capacity and the analytic capacity, it is well known that c(z 0 ) ≥ c B (z 0 ) under the same local coordinate. Furthermore, one has the following lemma: Thus, in order to complete the proof of the equality part of the Suita conjecture, it suffices to prove that under the assumption πK Ω (z 0 ) = c 2 (z 0 ) for some z 0 ∈ X we are able to construct some holomorphic function on X satisfying the condition in Lemma 2.9, which combined with Theorem 2.10 implies that X is conformally equivalent to the unit disc less a (possible) closed polar subset. 
Proof by variational approach
just take the off-diagonal Bergman kernel, the difficulty is how to move from one point z 0 to V z 0 , where the germ extension F recovers f ′ 0 . We overcome this difficulty by using the plurisubharmonic variation properties of Bergman kernels combined with some uniqueness results. 
Proof of Theorem 3.1. The off-diagonal Bergman kernel function K(z, z 0 ) is holomorphic in z, and has the reproducing property that
implying that the L 2 -norm of F is exactly √ π. Also, since πK(z 0 ) = c 2 (z 0 ) and c ≡ |f
-norm is less than or equal to π and E(z 0 ) = |f ′ 0 (z 0 )|. Then, (E + F )/2 also attains at z 0 the same function value |f
-norm of (E + F )/2 is strictly less than π, yielding that πK Ω (z 0 ) > c 2 (z 0 ), which contradicts the assumption.
By the variational results of Bergman kernels, the following lemma holds true. [BL16] of taking sublevel sets of the Green functions and considering the plurisubharmonic variations of Bergman kernels, we know that log K τ (z 0 ) + 2 Re τ , which is asymptotic to 2 log c(z 0 ) − log π as Re τ → −∞, is convex, bounded (from above at −∞) and therefore non-decreasing. In particular, for any Re τ ≤ 0, it follows that
Thus, the assumption πK(z 0 ) = c 2 (z 0 ) further implies for any Re τ ≤ 0 that 
Proof of Lemma 3.3. On X τ , we naturally have the Green function G τ (z, z 0 ) := G(z, z 0 )−Re τ and the local coordinate holomorphic function f τ := f 0 · e − Re τ such that f τ (z 0 ) = 0 and G τ (z, z 0 ) = log |f τ (z)| on V z 0 . By the same argument as in Lemma 3.1, we know that if πK(
Thus, it suffices to define F τ (z) :
then by the uniqueness, it follows that
yielding that F (z) is identically equal to f ′ 0 (z) on V z 0 . We will prove under the assumption πK(z 0 ) = c 2 (z 0 ) that both (3.2) and (3.1) hold true.
Proof of Theorem 3.4. Firstly, we assume that the boundary ∂X τ consists of a finite number of C 2 smooth closed curves and ∂X τ varies C 2 smoothly with τ in C. By Theorem 3.2 in [MY04] , we know that
In fact, the definition of X implies that k 2 (τ, z) = 0 on ∂X := τ ∈C ∂X τ . Therefore,
integrable on X τ . Secondly, we consider the function
It is holomorphic in z on X τ , and satisfies
Moreover,
By Lemma 3.3, we know that F τ ≡ B τ , i.e.,
For all τ such that Re τ ≤ 0, it then follows that
Thirdly, by assumption, K τ (z, z 0 ) = 0, for all τ such that Re τ ≤ 0 and all z ∈ X τ ⊂ X. Then,
Letting τ be 0 again, we know θ = 0, implying that
By (3.4), we determine that C(z, z 0 ) ≡ −2 and have proved the necessity in Theorem 3.4. Finally, for general non-smooth X τ , we may approximate it by a sequence of boarded Riemann surfaces with smooth boundaries, since the Bergman kernel, Green function and logarithmic capacity converge locally uniformly. 
Proof of Corollary 3.5. For any Re τ ≤ Re τ 0 << 0, Corollary 2.7 and the proof of Lemma 3.2 show that
For all z ∈ X τ , which is simply connected since Re τ ≤ Re τ 0 << 0, K τ (z, z 0 ) has no zero in X τ ⊂ X. By Theorem 3.4, it follows that
which completes the proof.
Corollary 3.5 guarantees certain uniqueness of the local biholomorphism, since it can be written down in terms of the Bergman kernel. The proof of Corollary 3.5 shows that for the globally defined function F on X and the functions F τ 0 and f 0 defined on X τ 0 ⊂ X, it holds that
4 Construction of g from F Proof of Theorem 4.1. Since X is an open Riemann surface, by [GN67] there exists a non-critical holomorphic function g 0 on X which vanishes at z 0 , i.e., g 0 (z 0 ) = 0 and g ′ 0 (z) = 0 for all z ∈ X. Since the zero set of g 0 is discrete in X, one can modify this function (still denoted as g 0 ) so that it satisfies g 0 (z 0 ) = 0, g 0 = 0 on X \ {z 0 } and g ′ 0 (z 0 ) > 0. Choose a small enough neighbourhood V * z 0 where g 0 is biholomorphic, and then (V * z 0 , g 0 ) can become a local coordinate. Take Re τ 0 << 0 such that {z ∈ X|G(z, z 0 ) < Re τ 0 } =:
. Let p : D → X be the universal covering map. Note that p is a local homeomorphism. Choose a small enough neighbourhood V z 0 ⊂ X τ 0 such that p is biholomorphic on any connected component of
Next, we pick a fixed connected component, say U 0 , of p −1 (V z 0 ). And let the normalised constant p * (exp(− √ −1 Im f 1 )| U 0 )(z 0 ) be denoted by γ. Note that |γ| = 1. Then, the holomorphic function h := γ·p * exp f 1 | U 0 ·g 0 defined on V z 0 satisfies that log |h(z)| = G(z, z 0 ). Also, h is injective and by open mapping theorem it follows that h is biholomorphic on V z 0 and satisfies h(z 0 ) = 0 and h
The identity theorem for holomorphic functions yields on D that
In order to construct the function g ∈ O(X), we will show for any z 1 ∈ X that exp f 1 · p * g 0 evaluated at any fiber p −1 (z 1 ) is constant. Namely, for any z 1 ∈ X and its small enough connected neighbourhood V z 1 such that p is biholomorphic on all connected components of p −1 (V z 1 ), we will show that exp f 1 · p * g 0 attains exactly the same value on any two connected components, say U 1 and U 2 , of p −1 (V z 1 ). Let g 1 := p * exp f 1 | U 1 · g 0 and g 2 := p * exp f 1 | U 2 · g 0 be two holomorphic functions on V z 1 . By (4.2), it holds on U 1 ⊂ D that
Thus, we know that on V z 1 ,
Similarly, on V z 1 , γ −1 · F = g ′ 2 . Therefore, on V z 1 , it follows that g ′ 1 = g ′ 2 , which means that g 1 and g 2 are up to an additive constant. On the other hand, By (4.1), we know that log |g 1 (z)| = G(z, z 0 ) = log |g 2 (z)| , for z ∈ V z 1 . Therefore, g 1 ≡ g 2 on z ∈ V z 1 . In particular, g 1 (z 1 ) = g 2 (z 1 ), i.e., for arbitrary z 1 ∈ X, exp f 1 ·p * g 0 evaluated at any fiber p −1 (z 1 ) is constant. Eventually, z → (exp f 1 · p * g 0 )| p −1 (z) defines on X a holomorphic function g such that G(z, z 0 ) = log |g(z)|. Now we complete the proof of the equality part of the Suita conjecture.
Proof of Theorem 1.1. By Theorem 4.1 and Lemma 2.9, we know that c(z 0 ) = c B (z 0 ). Thus, if πK Ω (z 0 ) = c 2 (z 0 ), then πK Ω (z 0 ) = c 2 B (z 0 ). By Theorem 2.10, the conclusion follows. Theorem 1.1 yields the following corollary. Notice that Suita proved in [Su72] that if X is a doubly connected region with no degenerate boundary component, then (a) holds true.
